Armenian Journal of Physics, 2019, vol. 12, issue 1, pp. 131-155

Generation of Entangled Tripartite States in Three Identical Cavities
Moorad Alexanian

Department of Physics and Physical Oceanography, University of North Carolina Wilmington
Wilmington, NC 28403-5606

E-mail: alexanian@uncw.edu

Received 28 October 2018

Abstract: The generation of entanglement between three identical coupled cavities, each
containing a single three-level atom, is studied when the cavities exchange two coherent photons
and are in the N =2, 4, and 6 manifolds, where N represents the maximum number of photons
possible in any one cavity. The combined states of the atom and the photon in a cavity is given by
a qutrit for N = 2, a five-dimensional qudit for N =4, and a seven-dimensional qudit for N= 6. The
conservation of the operator N for the interacting three-cavity system limits the total number of
tripartite states to only 6, 18, and 38, rather than the usual 3% = 27, 5% = 125, and 7° = 343 states for
N =2, 4, and 6, respectively. The deterministic generation of entanglement from general initially
unentangled tripartite states is studied in the limit of large hopping strength, where all the solutions
are analytic and given in terms of exponential functions. Several types of resulting tripartite
entanglement are analyzed in order to obtain maximally entangled states.
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1. Introduction

Quantum entanglement is essential for quantum information communication and processing
protocols in quantum cryptography [1], dense coding [2], teleportation [3], and entanglement
swapping [4], which can be used to realize quantum repeaters [5]. Entanglement can be
achieved via two interacting quantum systems [6] or by an appropriate joint measurement of
two systems [7]. An important use of entanglement is the sharing of multipartite states
distributed amongst several different parties that are separated by large distances where the
performance of local measurements on their respective subsystems results in the global
broadcasting of the outcomes of local measurements. The latter is used in standard quantum key
distribution [8] and quantum secret sharing [9]. Accordingly, generating multipartite
entanglement is an important objective in experimental quantum systems. For instance,
experimental realizations of four-photon entanglement and high-fidelity teleportation [10],
entangled states of two and four trapped ions [11], the entanglement of two Rydberg atoms in
microwave cavity quantum electrodynamics (QED) [12], optically induced entanglement of
excitons in a single quantum dot [13], creation of Greenberger-Horne-Zeilinger (GHZ) states
with up to 14 qubits [14], and the entanglement of a six-photon symmetric Dicke state [15]. On
the theoretical side, many methods based on cavity QED have been proposed, for instance, a
hybrid quantum correlated tripartite system formed by an optical cavity and a microwave cavity
[16], generating n-qubit GHZ entangled states with a three-level qubit system and (n—1) four-

level qubit systems in a cavity [17], and the generation of maximally entangled GHZ state as a
ground state of a three spin system [18]. In general, the more particles or states can be
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entangled, the more clearly non-classical effects are exhibited and the more useful such
entangled states are for quantum applications [19, 20].

In the study of three-level atoms, a transformation was introduced [21] whereby the three-
level atom was reduced to a corresponding two-level atom of the Jaynes-Cummings type albeit
with two-photon rather than single-photon transitions. This model has been used in cavity QED
to generate “macroscopic” qubits [22] and in the scattering of two coherent photons inside a
one-dimensional coupled-resonator waveguide that operates as an ideal quantum switch [23].
The model has been applied to two-photon exchange between two separate cavities [24] with
each cavity containing a three-level atom in a cascade (or ladder) configuration [25] and
coupled via a two-photon hopping interaction [24]. The coupling for two-photon hopping would
require a nonlinear media that may be governed by a quantum Kerr-type interaction [26]. The
latter work [24] was restricted to the N =2 manifold, where N denotes the maximum number
of photons possible in a given cavity. More recently, we extended our study to the dynamics of
the N =4 manifold and showed how the temporal development of the coupled two-cavity
system generates maximally entangled states in both the N =2 and N =4 manifolds from an
initially unentangled state [27].

In order to realize maximally entangled states, one must consider high Q-factor cavities and
excited states that are long-lived. Owing to angular momentum and parity conservation, the
simultaneous emissions of two photons possess increased lifetimes and thus are essentially

metastable states. For instance, single-photon atomic transitions are of the order of 107°s
whereas the two-photon emissions have much longer lifetimes, of the order of fractions of a
second. This makes the study of two-photon processes quite interesting as compared to single-
photon transitions. In addition, two- photon spectroscopy has been recently used to probe the
hybridization between a superconducting phase qubit and an intrinsic two-level system coupling
to the qubit circuit [28]. The detailed data on experiments allow the mapping out of this hybrid
system, combining two coherent quantum systems that are fundamentally different in nature
[28]. The experimental realization of the transmon qubit, which is an improved superconducting
charge qubit derived from the Cooper pair box, considers two-photon transitions that could help
design more robust quantum computers [29]. A recent study of the possibility of coherent
reversal information transfer between superconducting charge qubits and mesoscopic ultracold
atomic ensembles coupled to a microwave coplanar waveguide is based on two-photon optically
excited Rydberg transitions—from the ground state to the Rydberg state via a nonresonant
intermediate Rydberg state [30]. The experimental implementation of the latter proposal is
currently underway to demonstrate hybridization of solid-state and atomic quantum devices
[30].

In this paper, we consider a system of three identical cavities each with a three-level atom
where the cavities are coupled to each other by a hopping interaction that exchanges two
coherent photons. We consider the generation of entangled tripartite states from initially
unentangled states in the manifolds N =2,4, and 6, which lie in a 6—,18—, and 38—

dimensional Hilbert space, respectively. Our system of three identical cavities consists of three
atoms and one, two, and three pairs of photons in the manifolds N =2,4, and 6, respectively.
Accordingly, generalized measurements [31], by using only linear elements and particle
detectors, may be possible on the generated entangled pure states.
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2. Hamiltonian

The Hamiltonian for the three coupled cavities [27] is given by

= XHO MY Jn (e e eng(aad cala) (el val). ()

3
i=1

where the first term on the right-hand-side represents the sum of the Hamiltonian for each
cavity and the succeeding terms are the hopping interactions coupling the three cavities in a
symmetric fashion. Therefore, the Hamiltonian (1) is symmetric in the three identical cavities.

. : . (M) i o
The eigenvalues E; and eigenfunctions “I’ﬁ> " of H® are best given in terms of the

dressed-atom representation. One has [25] that

“P:yi) =siné, e, n>(i) +cosé, |9, n+2>(i) ,
| | | @)
“P;>( = cos9n|e,n>(') —sin@, g,n+2>(') ,
where | g>(i) and |e>(i) are the ground and the excited atomic states, respectively, n>(i> is the
photon number eigenstate and
12
cos 6, = r(n+2) .
[n(r*+D+2r> +1]
/2 3)
. (n+1)
sing, = 77
[n(r?+1)+2r° +1]
with r=g,/9,.
The respective eigenvalues are given by
E,+E
E' =ho(n+l)+—2—= —é+l{A2 +4n’[ g7 (n+2)+ gj(n+1)]}l/2 ,
2 2 2 )

_ E,+E
E, =ho(n+1)+ 92 ,

where g;(j =1,2) are the atom-photon coupling constants in the three-level atom, E; is the

energy of the ground state, E, 1is the energy of the excited state, and

A=(E,-E,))+hw=(E,—E,)—hwo is the detuning parameter of the mid level with energy E,

of the three-level atom in a cascade (or ladder) configuration. The eigenenergies of the dressed
states depend on n reflecting the exact treatment of intensity-dependent dynamic Stark shifts.



Alexanian || Armenian Journal of Physics, 2019, vol. 12, issue 1

. () . . no. :
The eigenstates “Pﬁ>l are simultaneous eigenstates of H" with eigenvalues E*, of

n °

HY = ha)(aia1 +ol) - O'é'g)) +(E,+E,)/2 with eigenvalues E., and of
A i i i o ~ 3 . .
N =a'a +o) —Gé'g) +1 with eigenvaluesn+2.The operator N = ZH N, associated with

the three interacting cavities, is a constant of the motion and in this paper we consider the

manifolds with eigenvalues N =2,4, and 6. The set of eigenstates “Pﬁyi) , with n=0,1,2,... ,

together with the states g,0>(i) = —“P:2>(i) and g,1>(i) =“le>(i) , where the first index refers to

the ground state and the second to the photon-number occupation, forms a complete basis.
3. N=2 Manifold

The Hilbert space of the N =2 manifold corresponds to each atom in the three-cavity
g,0> and

system being described by the qutrit | g, 2>, e 0>. However, owing to the constancy

of the total operator N = N® + N® + N®, the space is spanned by only 6 rather than 3° =27

vectors.
The most general unentangled initial tripartite state in the N =2 manifold is

0.0)"

9, O>(2) |:a

|w(0)) = g,2)” +be,0)” |, (5)

where |af +|b|2 =1 and |g>(i) and |e>(i) are the ground and the excited atomic states,
respectively, and |n>(i) is the photon number eigenstate with 1 =1,2,3 denoting the cavity. The
initial state (5) is only symmetric in the exchange 1<> 2 and cavity 3 is in an entangled state
given by the linear superposition of dressed states “P§>(3). Owing to the symmetry of the

Hamiltonian (1), the general solution preserves that symmetry and is given by

lwiv) =[g,0)" 627 +g2)" 30”. (6)

00" Avja2"+atjed” |+ B[l

g 0>(2>}

The Schrodinger equation of the motion ih%h//) =H |y/> gives, with the aid of Egs. (1) and
(6),
iA= A+22EB+tan 6,C,

iB =2v2EA+(1+28)B, 7)
iC = tan 6, A+ tan” 4,C,

with initial conditions A(0)=a, B(0)=0,and C(0)=b. In Eq. (7), we have introduced the
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dimensionless time [(EO*—EO’)cos2 ﬁo]t/h—ﬂ and the dimensionless hopping coupling

hé / [( E, - EO’)cos2 6’0] — & with the angle 6, representing the mixing angle (3) for the atomic
dressed states. The system of equations (7) gives rise to analytic solutions for arbitrary values of
the parameters r and &. However, we shall consider the case of large hopping strength &> 1

when the exchange of two coherent photons occurs at a much faster rate than the rate of atomic
transitions. In that case, one has the separate probability conservation

|AQ[" +|B®)|" =|d’ and |Ct) =|b. (8)

Note that the amplitude C(t) associated with cavity 3 being in the excited state is separately

conserved according to (8). This follows directly from considering the limit of large hopping
strength, viz, £>1. Similarly, for the amplitudes A(t) and B(t) associated with all three

cavities being in the ground state that are separately conserved as indicated in (8).

Therefore, one achieves maximal entanglement for times T when |A(T )|2+|C(T )|2 is a

minimum, that is, [A(T )| is a minimum with C(0)=b=0. The solution for the system of

equations (7) is then for &> 1

A(t)z%(e—ztigt_i_z 2i§t)’

\/5 (e-4i§t _

B(t) ~ - e, Q)

C(t) =0,

where the amplitudes A(t) and B(t) are periodic with period T =7z/£. Result (9) agrees with
the general results given by (A3) in Appendix A for the corresponding amplitudes. Note that the
state (6) becomes unentangled for times 7 such that {7 = zn/3,n=1,2,..., thatis, B(7) =0.Our

characterization of maximal entanglement for the N =2 manifold given above is quite
consistent with the notion of geometric measure of entanglement [32-34],

E(jw ) = min, - log, [(olw®)f | (10)

YePROD

where PROD is the set of product states in the N =2 manifold. Now

max, (0w ®)f =[A®F +ICOF =5[5+4cos6En]laf +15. (1)

|¢)ePROD

Therefore, the measure of entanglement 0< E(|l//(t)>)slog29z3.l70, where the lower

bound corresponds to times &7 =7z1/3,1=0,1,2,.., and the upper bound to times
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&u=(2n+1)z/6 with n=0,1,2,..., and |a| =1. Note that the state (6) has an entangled two-
qubit subsystem and, hence, does not admit Schmidt decomposition.

The average dwell or sojourn time the system spends in the entangled state governed by the

1o~ 4
amplitude B(t) is given by ;L |B(t)|2 at =§|a|2. Note that the initial state (5) possesses less

symmetry than the Hamiltonian (1). Actually, there are only two symmetric states, viz.,
1 0) ©) 1

— Ple0 ,0 ,007 and — Plg,2
\/gzp |€0)"[g.0)"|g,0) \/gzp 9.2)

even permutation, and no antisymmetric states are possible. Both symmetric states are entangled
since there are no unentangled, symmetric state in the N =2manifold. Therefore, the six-

2) )

9>0>(2) | 9,0>(3), where the sums are over

dimensional space for the N =2 manifold is spanned, in addition to these two symmetric states,
by four asymmetric vectors.

4. N=4 Manifold

The Hilbert space of the N =4 manifold corresponds to each atom in the three-cavity system
g,4>,|g,2>, g,0>, e,0>,and|e,2>. However, the

space is spanned by only 18 vectors rather than 3’ =125 vectors owing to the constancy of the

being described by the five-dimensional qudit

operator N andsoa general state is given by (B1) in Appendix B. This manifold is spanned by 5
symmetric, one antisymmetric, and 12 asymmetric states, which treat all three cavities on the
same footing. The most general unentangled initial states in the N =4 manifold are

w(0)) =|g,0)" g,0>‘2’[a 9.4)” +b e,2>(3)}, (12)
where |aj2 +|b|2 =1, (12) is symmetric under the exchange 1<> 2, cavity 3 is in an entangled
state, and

|w(0)=]9,0)" | a|9.2)” +b|e,0)” || c[g,2)” +de0)” |, (13)

where |af —i—|b|2 =1,

d =D, the initial state(13) is symmetric under the interchange 2 <> 3.

C|2 +|d|2 =1, and both cavities 2 and 3 are in entangled states. For c=a and

A. Initial state Eq. (12)

The initial state (12) is symmetric under the exchange of cavities 1<> 2 and so the time
dependent state |l//(t)> lies in an 11-dimensional subspace rather than the possible 18 since
A(t) =G(1), B(t) = P(t), D(t) = S(1), E(t) = N(t), W(t) = (1), L(t)=U(t) and M(t)=R() in
(B1). On the other hand, the initial state (13) for ad # bc # 0 is not symmetric in the exchange
2 <> 3 and so lies in the full 18-dimensional space. However, for ad = bc the initial state (13) is

6
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symmetric in the exchange 2<>3 and so the initial state lies also in an 11-dimensional
subspace. Owing to the complexity of the full 18-dimensional vector space, we shall consider the

limit of large hopping strength 7#& / [(EZ+ -E; )cos2 6’2] >1 when the exchange of two coherent
photons between the cavities is much faster than atomic transitions.

Consider first the solution of the Schrodinger equations (B2)—(B7) for the initial unentangled
state (12), that is, F(0)=a and K(0)=Db in (B1). The general 18-dimensional vector (B1) in the

N =4 manifold must be symmetric in the interchange of cavities 1 <> 2 and so the only nonzero
amplitudes are given by G(t) = At), P(t) = B(t), N(t) = E(1), C(t), F(t), and K(t). Therefore,
the solution is

v ()= AD[]9,4)"]9,0)” +]9,0)"|,4)” ]| 9,0)" +
+[19,0)"19,2)” +]9,2)"[9,0)” |x[ B[ 9,2)" + E(1)]€,0)” |+ (14)

+C(t)|g,2><1> 9’2>(2)|g,0>(3) + g,0>(l)|g,0>m [F(t)|g,4>(3) TK()e 2>(3)J>

where

A(t) — % al:3exi§t _ 2esi§t + 2e—12ir§t _ 3e—4i§t :')

B(t) = ﬁa[_exift _gfiét 4 griaiet e_4i5[]’
15

cH= % a[ €™ +2e" 4 —2e ¢ |,

(15)
() = tb[ e e

F(t) = % a[3e" +4e™ + 26 6e ],

K(t)= %b[Zez‘ft +e ],

The amplitudes in (15) are periodic with period T =7z/&. Note that for any probability

d d{[(n(t) =0 for n=0,1,2,..., then X(t)=0 since the solutions of the
t=0

dynamical equations are entire functions of t. The latter has been used in Eqs (B2)-(B7) to

amplitude X(t), if

arrive at the five nonzero amplitudes given in (15) for solution (14). Note that
20E@| +|K@) =]b]" and 2|A®[ +2|BO +[CO| +|F )] =|a" are separately conserved
with the sum giving the overall probability of unity. This feature of disjoint sectors of the Hilbert
space, determined by the number of atoms in the excited state, is a direct result of large hopping

strength and occurs in all the different manifolds.
One obtains maximal entanglement for the initial state (12) with a=0 by maximizing

EQ), ’

or what is the same by minimizing |K(t) which occurs at a time 7 given by

7
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€ =7x/6, where |K(Z')|2 =1/9 and 2| E(z')|2 =8/9. The measure of entanglement is
log, 9 = 3.170 that is the same as for the N =2 manifold albeit for different states.

On the other hand, for the initial state with b=0 in Eq. (12), that is, all four photons are
initially in cavity 3, there are several interesting entangled states obtained, for instance, by either

, which is the same as minimizing or maximizing

maximizing or minimizing |A(t)|2 +|B(t)
IC)[ +|F(®|". For instance, minimization of [C(t)]" +|F(t)] occurs at &z =0.2094,0.8378
with |C(T)|2+|F(Z')|2 =~(0.1960 resulting in a lower measure of entanglement
log, (1/0.1960) = 2.351. The probabilities for the entangled states are 2|A(T)|2 ~.2251 and
2|B(T)|2z.5789. It is interesting that at {7 =7/3 one has that A(7)=B(7)=0 with
C(xz/3)=32 (\B —i) /10 and F(r/3)=(1+330)/10. Therefore, the probability that all four

photons remain in cavity 3 is 28% with the remaining 72% with cavities 1 and 2 sharing two
photons equally.

B. Initial state Eq. (13)

Consider next the initial unentangled state (13), that is, L(0)=bd, M (0)=bc, N(0)=ad,
and P(0) =ac, with the time evolution of the probability amplitudes given by Egs. (B2)—~(B7).
Now B(t) =C(t) and G(t)=F(t) according to Eq. (B3), D(t)=J(t) follows from Eq. (B4),
Eq.(B5) gives that E(t) = K(t), while T(t)=U(t) =0 from Eq. (B6), and Eq. (B7) implies that
R(t) = S(t) =W(t) = 0. The state of the system is then, according to (B1), given by

9,4)”9,0)"”’|g,0)” +B(t)
+ D(t)[

lw(©) = At 9.2)"[]9.0)[9.2)" +[9.2)”
g,0>(1) |e,2>(2) :|| g, 0>(3) +
+E(t) |:| g, 2>(1) | g, 0>(2) |e’0>(3) + g’())(l) g’o>(2) |e’ 2>(3) :| +
+F(®)]g,0)"” [ 9,0)”]g,4)" +|g,4)"” g,O)(3)]+
9.0)"[ Lv[e.0)”|e0)” +M ()] 0)”|g,2)" +

+N(t)|g’2>(2)|e,0>(3)+P(t)|g,2>(2) g’2>(3)}

g,0><3>]+

g,2>“) le 0>(2) +

(16)

+

where
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NG

Alt) = F ac[—esif‘ +ebist _pgist 4 e—lZi.ﬁt])

B(t) = %ac[zesift _ 3e6i§t _ 2e4ti§t +3 —12i§t]’
1 . )

D(t) = gbc[_ezhft + e41|§t:|’

E(t)= %ad [ +e™ ],

\/_ 6iét _4iét

6 - .

E(t) = _ Bigt —12ict . 17

H=15 ac[ - — e 4 et 1P ], (17)
L(t)=bd,

M (t) = %bc[zez“g't +e],
N(t) = %ad [2e" +e ],

1 . _ _ _
P(t)= Eac[ze&ft 1 6etiEt 4 gaict +3e—12|§t:|‘

The solutions in (17) are periodic with period T=x/£. Note that
[A©F +2/Bf +2{FOf +|Pof =[a[d" [Lof =] d, 21Dof +M) =|id", B0 +{Nof =4 |d|

are separately conserved with the sum giving the overall probability of unity. This feature of
disjoint sectors of the Hilbert space for states with one, two, or none of the atoms in the cavities
in the excited state is a direct result of considering the limit of large hopping strength.

Consider the case with symmetry under the cavity-interchange 2 <> 3, that is, c=a and
d =b in Eq. (13), and so (17) gives that D(t) = E(t) and M (t) = N(t). For the initial state with
g,0>(”|e,0>(2)|e,0>(3), since for
&>1 the hopping interaction does not give rise to any temporal change. However, for the

9,2)”]9,2)”, thatis, a=c=1and b=d =0 in (13), one has

a=0, the three-cavity system remains in its initial state, viz.,

initial state | g, 0>m

g, 2>(3) +

g, 0>(|)

g 2>(2)
g 2>(2)

9 2><l> [ 9 0><2>

9, 0)“’]+ P(t)

9, 0>(3)] n

0.2)”,

9.0)”(9,0)"” +B(t)
g.4)”

lw () = A1) g.4)"

(18)
g,0>(1>[ 9, 0>(2>

F(t) 9.4)” +

where the amplitudes are given in (17) with a=c=1 and b=d =0 and the normalization by

|A®) +2[B(t)" +2|F(®)" +|P(t)]" =1. One obtains maximal entanglement for the state (18) if one
minimizes |A('[)|2 +|P(t)|2. The same minimum occurs for &7 ~.1930,0.8542,1.2402. One obtains

B(7) =02112,2|F(7)|" =0.6060,

the state where the respective probabilities are |A(z')|2 =0.1070,2
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|P(2')|2 = 0.0759. The measurement of entanglement is —log, (|A(z')|2 +|P(T)|2) = 2.450.

It is interesting that at £7 = 7z/3 one has that B(7)=F(7)=0 with A(z/3) =\/6(3—i\/§)/10
and P(7/3)= (2+i\/§ ) / 5. Therefore, the probability that the system is in its initial state with
two photons each in cavities 2 and 3 is 28% while the probability of four photons in cavity 1 is
72%.

5. N=6 Manifold

The seven-dimensional qudit associated with the states of each cavity in the N =6 manifold
g,6>, g,4>,|g,2>, g,0>, e,0>, e,2>,and|e,4>, which gives rise to 7° =343 states for the

three-cavity system. However, owing to the operator N being a constant of the motion, the

arc

relevant Hilbert subspace for the N =6 manifold is only 38 —dimensional. The dimensionality
is given by 1x104+3x6+4+3x3+1x1=38, where the terms in the sum correspond to sectors

a,b,c, and d, respectively (See Appendix C). In sector a , all three cavities are in the ground

state and there are six photons to be shared pairwise amongst the three cavities. In sector b, one

of the cavities is in the excited state, two are in the ground state, and there are four photons to be

shared pairwise. In sector C, two of the cavities are in the excited state, only one of the cavities

is in the ground state, and there are two photons to be shared. Finally, in sector d, all three

cavities are in the excited state and there are no photons to be shared amongst the three cavities.
The most general unentangled, initial states in the N = 6 manifold are

9,0)”|g,0)”, (19)

9,6)" +b|e,4>(”]

w()=|a
where |a|2 +|b|2 =1,
g,4>(” +b

9,2)” +d 9,0)”, (20)

e, 2)“’}[0

e 0>(2>}

lw()=|a

where |a|2 +|b|2 =1, C|2 +|d|2 =1, and

9,2)” +d

g,2)" +b|e,0>(”}[c

e O)m] x[e

y(©)=[a 9.2)" +le0)”]. @D

c|2+|d|2 =1, and |e|2 +|f|2 =1.

where |a|2 +|b|2 =1,
The initial state (19) is symmetric under the cavity interchange 2 <» 3 and so |w(t)> always

remains symmetrical under the interchange 2<>3 owing to the Hamiltonian (1) being
symmetrical. The initial state (20) is strictly asymmetric. The initial state (21) may be symmetric
or asymmetric under the interchange of any two or all three cavities depending on the values of

10
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the initial amplitudes. For instance, if a=C and b=d, then the solution of the Schrodinger
equation will be symmetric in the interchange 1< 2 for all times. If, however, a=Cc=e and
b=d = f, then the solution is symmetric in the interchanges of all three cavities. This latter case

is considered in Appendix D.

In the limit of large hopping strength, 7> [(E;’ - E“")(:os2 94], the vectors in the Hilbert

space associated with the sectors a,b,c and d are uncoupled since the hopping Hamiltonian in

(1) only exchanges photons and not atomic excitations. The equations for the 38 probability
amplitudes break up into linear differential equations involving ten, eighteen, nine, and one
amplitudes, respectively [see (C2), (C3), (C8), (C9), (C11), and (C13)]. Note that for the case
when all three cavities are in the excited state, the probability amplitude remains constant in time
[see (C13)]. All these differential equations can be solved analytically in terms of exponential
functions for arbitrary initial states.

A. Initial state Eq. (19)

The initial state given by Eq. (19) lies in the non-overlapping sectors a and b in the large
hopping limit #& > [( E, - E;)cos2 6?4] presented in Appendix C. The time development of the
system is given by a linear superposition of vectors in these two disjoint sectors. We consider the
initial state with a=1 and so b=0, that is, A(0)=1 in (C1) with the solution in the subspace of

sector a. The solution is given by (C4), where all the probability amplitudes have analytic
solutions in terms of exponential functions and the results for A(t) and F(t) are given explicitly

2
]

by (C5) and (C6), respectively. Maximal entanglement is obtained by minimizing |A(t)|2 +|F(t)
B(7)[" =0.140493,

2|E(7)]" = 0.055394,2|G(7)|" = 0.459478, and 2|K(7)|" = 0.342801. This gives a measure of
entanglement log,(546) =9.1.

which occurs for &7 =1.7500, where |A@)| +[F(D) =0.001833,2

?, which occurs for &7 =3.0318,
E(7)|" =0.02296,

On the other hand, one finds a maximum in |A(t)|2 +|F(t)

A =0.89530,2|B(7)|" =0.00137,2

where |A7) +F(z) =095166, F(2) =0.05637,

2|G(’[)|2 =0.02225 and 2|K(z’)|2 =(0.00176. The system does not return to its initial state owing
to the eigenfrequencies being incommensurate.

B. Initial state Eq. (20)

The initial state given by Eq. (20) lies in the non-overlapping sectors a,b and ¢ in the large
hopping limit #& > [(E“+ —E, )cos’ 494] presented in Appendix C. We consider the case where
the amplitudes a=0,b=c=1, and d =0 in Eq. (20), that is, the initial unentangled strictly

11
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9,2)”g,0)"”, that is, D(0) =1 in (C7), which lies in sector b

The state of the system is given for later times by the entangled state

asymmetric state |l//(0)> = |e,2>(l)
g’2>(2) +|e,2>(1) g,2>(3) +
g’4>(2) +|e,4>(1)

9. 0>(2>

() = Av)|[e0)”
+ B(t)D e0)”
+C(t)e0)"”

g 0><2>]
g 0><2)]

g, 4>(3) +D(t)|e 2>“)

g,0)” + (22)
g: 2>(2) g: O>(3) s

where the probability amplitudes in (22) are given in Eq. (E3). Note that the system returns to its
initial state for times 7 such that {7 =nz for n=1,2,3,..., and that D(t)#0 for t real. In

X&) =Xz - &)

Maximal entanglement is obtained by minimizing |C('[)|2 +|D(t)

addition, for any probability amplitude X(&t),

2 . . .
, which cannot vanish owing

to the initial state being strictly asymmetric. Minimization occurs for &7 =0.1930,0.8542,

where the minima have the same values and is |C(T)|2+|D(z')|2 =~ (.1829.The measure of
entanglement is log,(5.467) = 2.450.

There are several simpler tripartite entangled states that occur at different times when some

probability amplitudes vanish: (a) &T, =7/5, B(T,)=0,C(T,) =0,

AT =gsin2(7z/5) ~0.1536 and

o) =1—gsin2(7z/5) =0.6929ands0 2| AT +DM)[ =1; (0) £T, =7/3, AT,) =0, B(T,) =0,|C(T,)[ =18/25

and |D(T,) =7/25 with|C(T,) +{D(T, ) =1 and (0) £T, =§—%arccos([\/§ +1]/4) =1.2566, B(T,) =0,

5 4

C(T,)=0,| AT =§[1+cos(7r/5)] ~0.4020and | DT, ) =§—§cos(7r/5) ~0.1960 with 2| AT, +/D(T)" =1.

It is interesting that for the above case with 7 =7/3, one has that A(7)=B(7) =0 with
C(r/3)= x/€(3 - i\/g) /10 and D(z/3)=(2+ i\/g)/S. Therefore, the probability that the system

is in its initial state with two photons each in cavities 1 and 2 is 28% and that all four photons
are in cavity 3 is 72% .

C. Initial state Eq. (21)

In Appendix D, the explicit solution is given for an initially unentangled, symmetric state in
all three cavities, which can occur only in the N =6 manifold, viz., the initial state given by Eq.
(21) with a=c=e and b=d=f. Solutions (D8)~(D11) are not periodic owing to the
incommensurate nature of the eigenfrequencies. However, for the initial state

g,2>(1) g,2>(2) g,2>(3), the solution is given by (D8), which are periodic with period 7 = 7z/ 5\/@

12
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and so

O} 2

g, 2>(2) | g, O>(3) +

g.4)"

)= AD]9.2"[0.2)% 8.2 +F—= S P
NG

g, O>(2) | g, 0>(3)‘

(23)
0

+K(t)%ZP 9,6)

where the probability amplitudes A(t), F(t) and K(t) are given by (D8) with a=1. The
amplitude A(t) vanishes for cos(%/&ﬂ ) =-5/6 resulting in the maximally entangled state

g, >(1) >(2) g, >(1) >(2) g, >(3). (24)

©ON
Note that if K(7)=0, that is, {7 = ftl/\/%,l =0,1,2,..., then F(7)=0 according to (DS);
however, the converse does not follow. Therefore, for times {7 = (1+1/2)x / \/% ,1=0,1,2,...,
F(z)=0 but K(r)=—-2+/30/11, and so

2430 1

g’ 2>(2) 11 3

g, 2>(3)

>(1) >(3) (25)

, >(l)

)

lw (7)) =

The geometric measure of entanglement of the state (25) is E(| 74 (z‘)>) =log,121=6.92. This

type of entanglement encoding is that of a W -state, a tripartite state of three qubits [35]. On the
other hand, if 7 =(| +1/2)7r/2\/g§, | =0,1,2,..., then

>(3> I\/_

>(2) >(3)

, >(1) | g,2>(2)

lw(r))== = (-1 IZP“’ 4)"

>(3)

(26)

11 \/§
121

The geometric measure of entanglement of the state (26) is E(| v (T))) =log, ET = 2.28.

(1)|g 0 (2)

6. Summary and Conclusions

We have studied the dynamical behavior of a deterministic system constituted by three
identical cavities each enclosing a three-level atom with intracavity interactions governed by
two-coherent-photon hopping. We consider atom/photon states for each cavity that corresponds
to a multileveled system of three-, five-, and seven-dimensional spaces. However, the dynamical
state of the system, owing to conservation laws, lie in subspaces given by 6, 18, and 38

13
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dimensions rather than the usual 3’ =27,5° =125, and 7° =343, respectively. Explicit analytic
solutions are found for arbitrary initial unentangled pure states in the manifolds N =2,4 and 6

when the exchange of photons between cavities occurs at a much faster rate than the rate of
atomic transitions, the large hopping limit. Tripartite entanglement between the cavities can be
used to generate bipartite entanglement between any two cavities via local quantum operations,
which can be performed either on the atom or on the photon pairs or even on both the
atom/photon state of a given cavity. Dynamically generated tripartite entangled states, which
reflect the symmetry of the Hamiltonian and the symmetry properties of the initially unentangled
state, are given by the superposition of symmetric, antisymmetric, and asymmetric states. The
symmetric states are generalizations of the W -states.

Appendix A: N=2 Manifold

The Hilbert space for three cavities with the state of each cavity given by the qutrit
g,O), g,2>,and
dynamics of the N =2 manifold is governed by only a 6-dimensional subspace owing to the

e O>, normally lies in a Hilbert space of 3’ =27 dimensions. However, the

constancy of the operator N with general state vector

W) =A]0.0)"|0.0)”'9.2)” +B()|9.0)"9.2)”|9.0)” +C(1)] 9.2)"|9.0)”| 9.0)” + D
+D(D]0.0)"9.0)”|€0)” +E®)]8.0)"|e0)” 0.0 +F(®]e0)”|0.0)”|0.0)"".
The dynamical equations of motion are
iA= A+2£B+2EC +tan 6D,
iB=2EA+B+2£C +tan 6,E,
iC =26A+2EB+C+tan 6, F, A2)

D = tan §,A+tan’ 6,D,
E =tan6,B+tan’ §,E,
F = tan §,C +tan’ 6,F,

where we have introduced the dimensionless time [(EJ—EO")COS2 HOJt /h—>t and the

dimensionless hopping coupling #¢& / [( ES - EO’)cos2 60} — ¢

In the limit of large hopping strength & >> 1, the solutions are

14
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Alt) = %[A(on B(0)+C(0)]e™* +§[2A<0>— B(0)-C(0)]e™,

1 ia L _ it
B(t) = 3 [A(0)+ B(O)+C(0)]e + 3[ A(0)+2B(0) C(O)]e2 , (A3)

Ct)= %[A(O) +B(0)+C(0)] g ict +%[—A(O) — B(0)+2C(0)] et
D(t)=D(0), E®t)=E(0), F(t)=F().

where the amplitudes are periodic with period T = z/£ . Results (9) in the text follow from (A1)
and (A3) for A(0)=a, B(0)=0,C(0)=0,D(0)=hb, E(0)=0, and F(0)=0. Note the difference
in the labeling of the probability amplitudes in (A1) and Eq. (6). The average time the photons

spend in each cavity depends on the initial state of the system and is bounded for cavity 3 by

%_[0”|A(t)|2 < §+§|A(O)|2 with analogous bounds for the amplitudes B(t) and C(t), for cavities

2 and 1, respectively. The equality holds when the photons are initially in cavity 3, that is,
A(0) =1, in which case the photons spend 5/9 of the time in cavity 3 and 2/9 each in cavities 1
and 2.

Appendix B: N=4 Manifold

The Hilbert space for three cavities with the state of each cavity given by the five-dimensional
0.4),9,2),|9,0),|e,0) and
dimensions. However, the dynamics of the N =4 manifold is governed by only an 18-

qudit

e,2>, normally lies in a Hilbert space of 5° =125

dimensional subspace with general state vector

0.4")9,0%g,0" +
+g,2)" [B(t)| 0.0/”|g,2)” +Ct)|g,2)”| 9,0 +Dt)|e0)”| 9,0/ +Et)| g,0)” |e;0)‘3)}+
g,0)" [F(t) 0.0)”|g.4)” +G1)|g.4)”|g,0)” +I(t)|e2)” 0,0)”|e2)” +
+L(1)|€0)”|e0)” +M®)|€0)”|g,2)” +N®)| 3.2)*|€0)” +P1)] 3.2 | 9,2)” ]+ e
+e0)" [F?(t) 6.0”]g,2)” +s1)6,2)”|g,0)” +T(H)|€0)” 0.0 QO>(3)]+
wit)e2)”|g,0” g0

() =At)

+

6,0)” +K(t)

0,0)” +U(®)

The dynamical equations for the probabilities amplitudes in (B1), in the limit of large

hopping strength #& > [( E -E ) cos’ 492] , are given by the following uncoupled sets: For the
amplitudes A B,C,F,G and P

15
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iA~~24£(B+C),
i(B+C) = 2424EA+2E(B+C) ++/24E(G + F) +4£P,

. (B2)
i(G+F)=~24E(B+C)+2/24£P,
iP~2&(B+C)++/244(G+F),
and
i(B—C) =~ —2£(B-C)—24E(G—F), ©3)
i(G—F)=—24£(B-C),
the eigenfrequencies for the system of equations (B2) and (B3) are —8£,—6&,4¢ and 12£.
For the amplitudes D,J, and M and
iD=2EJ+2EM,
iJ =2ED+2EM, (B4)
iM = 2ED +2&1.
For the amplitudes E,K, and N
iE ~2EK 4+ 28N,
iK = 2EE+28N, (B5)
iN =~ 26E+28K.
For the amplitudes L, T, and U
L=T=U=0. (B6)
Finally, for the amplitudes R, S, and W
iIR=~2ES+28W,
IS~ 2ER+2EW, (B7)
W = 2ER+2£S,

Solutions of the system of equations given by (B4), (B5), and (B7) are the same as solution
(A3) for the system of equations (A2) in the limit &> 1. The eigenfrequencies for the Egs. (B4),

(B5), and (B7) are —2¢& and 4¢ .
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Appendix C: N=6 Manifold

The Hilbert space for three cavities with the state of each cavity given by the seven-
gﬂ6>ﬂ gﬂ4>, 972>9 g90>ﬂ e90>9 e,2> a'nd
space of  7°=343  dimensions. However, in the limit of large hopping strength

heE > [( E4+—E4‘)cos2 6?4] the dynamics of the N =6 manifold is governed by only a 38-

dimensional qudit

e 4>, normally lies in a Hilbert

dimensional subspace that in the limit of large hopping strength separates into four sectors: (a)
all three cavities are in the ground state, (b) one cavity is in the excited state, (c) two cavities are
in the excited state, and (d) all three cavities are in the excited state.

I. Sector a

The general state when all three cavities are in the ground state is

v(0) = A0]0.6)"|.0)”|0.0)” + B |.4)"| 0.2)”[.0) +
+C(t) g,4>(” g,O)m g 2>(3)+ D(t)|g,2)"” g,4>(2)|g,0>(3)+
+E(t) g,2>(” g 0)“’ g,4>(3)+ F(t) g,2>(”|g,2 @ g,2>(3)+ (C1)
+G(1)]9,0)"|g,6)”9,0)” +3(1)| 9,0)" | 9,4)”| 9,2)"” +
+K(1)9,0)"]9,2)”' [9,4)” +L(®)]9,0)" |g,0)” | 9,6)"” .

The equations governing the time behavior of the probability amplitudes break up into two
groups,

i(B—C)=2&(C—-B)+12&(D-E),
i(D—E) =12£(B-C)++/60&(G — L) +2£(J - K),

C2
i(G-L)=~/60&(D—E+J—K), ()
i(J—K)=2&(D-E)+60&(G - L) +12&(K - J),

with eigenfrequencies 14£,-2& and (li\/E) &; and
i(B+C) = 2J60EA+2£(B+C) +12E(D + E) + 24/24LF,
i(D+E) = 12E(B+C) +V/60E(G+ L) +2£(J + K) +2424LF,
i(G+L) ~/60£(D+E+J+K), )

i(J+K)=2E(D+E)+V60&(G+L)+12E(J + K)+2+/24EF,
iF ~v24&(B+C+D+E+J+K),
iA=~J60£(B+C),

17
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with eigenfrequencies 0,25,(—1i\/241)§, and (7i\/313)§. Note that the eigenfrequencies are

incommensurable and so the system never returns to its initial state albeit it can get arbitrarily
close to it.

Consider the case with initial condition A(0)=1 in (Cl). Eq. (C2) implies that
B(t) = C(t), D(t) = E(t), G(t) = L(t), and J(t) = K(t) and so

(2)

9.6)"]g,0)
>(2)

g.4)”

)
.6)

g,O)m +

>(3) +|g

() =AW
+Bt)[9,4)"[|g

g 2>(1)
0>(1) [
>

6.0)"+

)
>(3)
(2 (3)
[9.4)7]9.2)" +
>(2) >(3)

with normalization |A(t)[" + 2(|B(t)|2 +E®[ +|GE) +|K(t)|2) +FOf =1.

(

=

]
% (C4)
9

+F()]g,2)"

g,

The system of equations (C3) can be solved explicitly, in particular, the probability
amplitudes A(t) and F (1) for the unentangled states in (C4) are given by

A(t)—£+10e2i§t+i[l+Lj el 7+H)lft+ 5 [1 L] e—(7+«/ﬁ)i§t+

11 29 66 V313 66 \/m ©s)
14 ( 8 ] glhr24mict 14 [1 8 j eI—2aigt
7241 7241
and
Fit)y=- \/E + \/ﬁ (1+ 7 ) e—(7—«/ﬁ)i§t +@(1 _ 7 ] e_mﬁ)ia_ (C6)
11 22 V313 22 J313

II. Sectorb

The general state for one of the cavities to be in the excited state is

, >(2)|g’0>(3)+
2)719,0)” + (C7)
, >(2)|g’0>(3)

lw®)=Ab|e0)”]9,2)”9.2)” +B(t)|e,0)
+C(t)|e,0>(1) , >(2) , >(3) Y >(1)
+E)]e2)"]9,0)”]g,2)” +F(1)|e4)"

The equations governing the time behavior of the probability amplitudes break up into two
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groups,
i(A-D)=2&(D— A)++244(C - F), (C8)
i(C-F)=+24£(A-D),

with eigenfrequencies —6& and 4&, and

i(A+ D) =~ 26(A+ D) +4EE ++24£(C+ F) +2424£B,
i(C+F)=24E(A+ D) +224¢E,

iB =~ 24£(A+D),

iE ~ 2&(A+ D) ++24E(C+F),

(C8)

with eigenfrequencies —8&, —6&, 4¢£, and 12£ .

III. Sector c

The general state for two cavities to be in the excited state is

9,0/ +B®)|e0)"|e2)”]g,0)” +Ct)|e0)"|e0)”|g,2)”. (C10)

lw®)=At)e2)"”|e0)”

The equations governing the time behavior of the probability amplitudes are
iA=2EB+2£C,
iB=~2EA+2£C, (C11)
iC =~ 2EA+2EB.

Solutions of the system of equations given by (C8) are the same as solution (A3) for the
system of equations (A2).

IV.  Sector d
The general state for three cavities to be in the excited state is
e0)"

e0)”|e0)"”. (C13)

[y (®) = A

The equation governing the time development is given by
A=0
and so A(t) = A(0).
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Appendix D: Symmetric N=6

One can obtain the 38-dimensional vector space for the N =6 manifold from (Al) by
) )
g,4> by g,6> ,

g,0>(1) by a linear combination of the vectors

g, 2>(1) by a linear combination of the

applying the following replacements:

g, 4>(1) and | e, 2>(1) ,

vectors g, 2>(1> and |e, O>(1) ,

g,4>(1) and |e,2>(1), and |e,2>(” by |e,4>(1).The

preceding gives rise to 26 vectors. In addition, one must add to that set the 10 vectors that are the

|e,0>(1) by a linear combination of the vectors

product of the vector g,O}m and the linear superposition of the vectors
g,6>(2) g’0>(3)’ g’0>(2) g,6>(3), g’4>(2) e,0>(3), e,0>(2) g’4>(3)’ g’4>(2) g’2>(3)’ g,2>(2) g’4>(3)’
|e,2)(2) g,2>(3), g,2>(2)|e,2>(3), e,4)(2) g,0>(3), and g,0>(2)|e,4>(3). Finally, we have to add

unentangled symmetric vectors, which cannot occur in the N =2 and N =4 manifolds, viz.,

m @) 3) m
9.2)'19,2)"|9,2)" and |e0)
In the N =6 manifold, the initial unentangled state that is totally symmetric in all three
cavities is given by

e O>(2) | e,0>(3) , for a total of 38 vectors.

lw(0)) = [a| 9,2)" +b| e,O)m}[a

g,2>(2) +b|e,0>(2)}[a

9,2)" +b|ao><3)}, (D1)
where |a|2 +|b|2 =1. The case with b=0 reduces to that considered in Appendix C in sector

a for £> 1. The trivial case a=0 gives a constant amplitude as indicated in (C13).
The general symmetric state is given by

lyt) =Av|g2)"|92”

62" +B0= Y Fe0) |62 62" +00-= Y Aeo) a0 62"+
NE NE

D0jed)” |20 |e0” +E0- S Plad)"le0" 00 +F0 TPio4|ad |90+
o - (D2)
+G(t)%ZP| e2)”|92)”(g.0)" + HO T > He2"e0)”|g0” +

+K(t)%§P| 36" g,0>(2’|g,0>“’+J(t)%;PIe4>“’Ig,0>‘”|9,0>(”,

where for the amplitudes B(t),C(t), K(t), and J(t) the sum is only over even permutation of
the cavities; whereas, for E(t),F(t),G(t), and H(t) the sum is over both even and odd

permutation. The state (D2) brings forth all 38 states that span the N =6 manifold, which
corresponds to 10 symmetric, 4 antisymmetric, and 24 asymmetric states that treats all the three
cavities on the same footing. The antisymmetric states follow from the states associated with the
amplitudes E(t), F(t),G(t), and H(t) in (D2), where a—1 is inserted before those terms arising

from an odd permutation.
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The symmetric states are either entangled or unentangled, with the former coming in two
varieties, viz., involving three or six states. The presence of only two unentangled symmetric
states indicates that in the N =6 manifold one does not have the general GHZ maximally
entangled state for the seven-dimensional qudit associated with each of the three cavities in the

space spanned by 7° =343 vectors,
1 O .
eHz) =217 (D3)
]

where the sum over ] is over the states

g,6>, , >, , >, , >, e,O), 3 > e,4> and the
trace over one of the three cavities gives rise to an unentangled mixed state. In the N =6
manifold, the trace over one of the three cavities of the symmetric states involving six states
produces an entangled reduced density matrix for each cavity given by the three states that span
that space. However, a trace over two of the three cavities, for instance, the reduced density
matrix for each cavity associated with the probability amplitude E(t) in (D2) is given by

49,

In the large hopping limit &> [( -E/ )cos2 04] the equations for the probability
amplitudes decouple and are as follows: For A(t), F(t) and K(t)

+|e,0)(e,0|+

1
P=3

dA
i— ~12&F,
a 1%
_dF
I~ = 128A 230&K, (D4)

|—~2f 30£F,
for B(t), E(t),G(t) and J(t)

|—~4«/_§E+2\/—§G
—z4ﬁ§B+2\£§G,

(D5)
|—~2\/_§B+2\/_§E+4\/_§J,
|—~4«f§G
for D(t)
%Dzo, (D6)

and for C(t) and H(t)
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X oaen,
;’I: (D7)
e 22&C.

The initial conditions for the state (D1) correspond to A(0) = a’, B(0) =+/3a’, C(0) =3ab’,
and D(0)=b’. Therefore, the probability amplitudes in the different sectors are separately
conserved and so |AQ)| +F@| HK®[ =|d.|BO) +EQ] +HG0[ +I@) =3/d'|d", DO =|b
! , which when summed gives the overall probability of unity. Note
e’0>(1> | e,0>(2) | e,0>(3) ‘
g,2>(3), then the only nonzero
AQ|" +|FO +|K®|" =1.

The general solution of the system of equations (D4)—(D7), with initial condition (D1), are for
A, F(t) and K(1),

and [CO[ +[H®)| =3|a|b

that if a=0, then the three cavity system remains in its initial state viz.,

0.2)".2)"
amplitudes are A(t), F(t) and K(t) with normalization condition

However, if b=0, viz., the initial state is

At) = %aﬁ [6cos(2\/%§t) +5},
F(t)= —11—1a3\/@i sin(z%gt), (DS)
K(t) = ﬁ\/ﬁé [cos(zx/@ft) —1}.

For B(t), E(t), G(t) and J(t), one has exact solutions; however, we present their simpler

numeric rather than the purely analytic results and so

B(t) = a’b[ 0.4054e™" 2 +0.3995e7 7 +0.0838e" 74 +0.8433e" % |,
E(t) — a2b|:0.4607efll42644ift + 0340 16737306%1 _ 0.204068.6745i§l _ 0.5968663205i§t :‘ ,

A . . . (D9)
G(t) — a2b|:04860e—1 1.2644i5t 0.3061e—3,7306lft + 0‘242768.6745I§t _ 0‘422766.3205I§t
J(t) = a’b[ 0.2989e 2 — 0.5684€ 77 —0.1939€" 7 +0.4633e" 7 |,
For D(t) one has that,
D(t)=b’. (D10)

Finally, for C(t) and H(t) one has that,
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C(t) =+3a’ cos(2\/§§t),

(D10)
H (t) = —/3ab’i sin (242¢1).

Appendix E: Asymmetric N=6

In Appendix D, the case of a symmetric initial state in all three cavities (D1) was considered
in the limit of large hopping strength &> 1. In this Appendix, we consider, in the same large
hopping limit, the case where the atom is in the initial unentangled asymmetric state
lw(0)=]e2)"]g,2)”|g,0)”, viz. D(0)=1 (see (E1) below). Note that in the limit of large
hopping, only photons are transferred between cavities with no “transfer” of atomic excitations;

therefore, the atom in cavity 1 remains in the excited state and so the state of the system at later
times is given by

e 0>“) g,2>(3) +
g,0>(2) g,4>(3)]+
g,0>(2)|g,2>(3)]+

g, 0>(3) '

9.2)”
9,0)” +C(1)

v ()= At
+|e,0)" [B(t) g.4)?
g,2>(2)
&)

(ED)

+le2)"” [D(t) 9.0)" + E(t)

9. 0><2>

+F (1)

The equations that govern the time dependence of the probability amplitudes in (E1) are

i(;—tA ~J24EB+24EC +2ED + 2£E,
i%z@§A+\/ﬁ§D,

1 9C _ pacas2aze,

:
B 2EA+24EB+2EE +24LF,
i(:TltE ~ 2EA+~24EC +2ED +-24£F,

i(il—l:z\/ﬁfDJm/ﬁfE.

The state (E1) can be written as the sum of symmetric and antisymmetric states under the
exchange 2 <> 3. The probability amplitudes A(t), B(t)+C(t), D(t)+ E(t), and F(t) are the

symmetric amplitudes with eigenfrequencies —-8£,—-6&,4& and 12&. The amplitudes
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B(t)—C(t) and D(t)—E(t) are the antisymmetric amplitudes with eigenfrequencies —6& and

4

. Accordingly, (E2) can be written as a set of two and four uncoupled equations for the

antisymmetric and symmetric amplitudes, respectively.

e2)"9,2)*'[g,0)"", that

The solution of (E2), for the initially unentangled state |l//(0)> =

is, D(0)=1, is
At)=E@l) = %[_26—4@ _3ehiét 4 pghict +3e—12i§t:|’
B(t)=F()= \1/—_56[e—4i§t _ghidt _ghiet e—12i§t:|,
V6 (E3)
C)= F[_ze_4i§t 4 pefit _ghiét | e—lZift]’
1 . . _ _
D(t) = E[4(:’.74»':1 168 L pghist | gri2idt ]
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